For 2D string theory, the perturbative S-matrices are not well-defined due to a zero mode divergence. Although there exist formal procedures to make the integral convergent, their physical meanings are unclear. We describe a method to obtain finite S-matrices physically to justify the formal schemes. The scheme uses asymptotic states by wave packets which fall faster than exponentials. It is shown that the scheme gives well-defined S-matrices and justifies the formal shifted Virasoro-Shapiro amplitude for simple processes. The tree-level unitarity for these processes is also shown. We point out a problem in this scheme.
In this paper, we examine a method to obtain well-defined S-matrix for 2D string, i.e. 2D critical string theory propagating in a linear dilaton background [1, 2] . In spite of the importance of the background, S-matrix calculations appearing in the literature [3] are formal, without dealing with the zero mode divergence properly; thus, their amplitudes are really ill-defined.
The background is described by a nonlinear σ-model and has the following world-sheet action in two dimensional Minkowskian spacetime
where X µ (σ) = (t(σ), φ(σ)). G µν , Φ, and T denote the spacetime metric, the dilaton, and the tachyon respectively. The background value for the fields arē G µν = η µν ,Φ = n µ X µ , andT = 0. Conformal invariance for the background restricts the value of n such that n 2 = 2. In order to avoid complex worldsheet action, we take n µ in spatial direction, namely n· X = √ 2φ (In this paper, we will not use this explicit form of n µ for simplicity.).
This background provides a very useful laboratory in string theory. The background is particularly important since the theory is one of the few known exact conformal invariant backgrounds [1] . Also, the theory can be viewed as quantum gravity (Liouville theory with the zero cosmological constant) coupled to c = 1 conformal matter after the continuation to Euclidean spacetime metric [2] .
However, the S-matrix 2 for the theory and its unitarity are not well understood owing to the zero mode divergence in the S-matrix calculations.
The standard path integral evaluation starts by separating X into the zero mode of the laplacian operator and the other eigenmodes, which reduces the path integral to an infinite number of ordinary integrals. For the bosonic string, the zero mode integral gives a momentum delta function; whereas here, as we shall see in Section 3, the integral actually diverges:
where χ is the world-sheet Euler number and M is the number of vertex operators inserted. The additional term in the exponent appears because of the failure of spacetime translational invariance for the action (1).
Physically, this zero mode divergence is due to string coupling divergence.
Since the string coupling is given by eΦ, the coupling diverges for the linear background, Φ = √ 2φ, at spatial infinity, φ → ∞. As a result of the coupling divergence, perturbative S-matrices based on plane wave asymptotic states are not well defined, since the plane waves couple at infinity where the coupling diverges.
There are various ways proposed in the literature to obtain well-defined Smatrices. The original suggestion was to ignore the divergence and write the zero mode integral formally as a delta function whose argument is complex [1] . For the Liouville theory with Euclidean spacetime metric, the standard procedure is the Wick rotation of the Liouville mode by φ → iφ, which makes the integrand (2) oscillatory [3, 4] ; this is Minkowski continuation of the spacetime metric, taking n µ in time direction instead of spatial direction.
The theory basically reduces to the Feigen-Fuchs construction [5, 6] .
It is certainly welcome to have well-defined amplitudes, but the physical meaning behind those formal regularizations is not clear. One is tempted to ask what happens physically in the process of regularizations. In other words, is it possible to justify the formal schemes? Or, is there any physical scheme to obtain well-defined S-matrices? It is natural to expect affirmative answers to the questions, since analyses imply the consistency of the formal Smatrices; for instance, tree-level unitarity is formally shown by factorization analysis [4, 7] .
In order to answer the above puzzle, we propose a physical scheme for the reguralization and compare the result with the formal one to justify the latter. The scheme is based on localized asymptotic states instead of plane waves. Since the problem essentially comes from the fact that the plane wave couples at infinity, S-matrices are expected to be well-defined if one uses asymptotic states which are well-localized and peaked in the weakly coupled region.
3
The organization of the present paper is as follows. First, in the next section, we will calculate the S-matrices of a toy field theoretical model, which is the low energy effective theory derived from a nonlinear σ-model.
The aim here is to show the wave packet scheme explicitly in a simpler context than the corresponding string calculation. In Section 3, the corresponding string S-matrix calculations will be carried out. As a by-product of these calculations, unitarity will be shown explicitly for simple amplitudes, where only formal proofs are known. Then, in Section 4, we will point out that the wave packet scheme does not always work. In this paper, only tree-level amplitudes are subject to study, because the wave packet scheme does not always work already at the tree-level.
The asymptotic states used in the following sections are represented as superpositions of plane waves;
where dk i = dp i /(2π)(2ω i ). The wave function is given by T i (X) = X|i . We do not specify the explicit form of the wave packets; the only requirement we have to impose is that the wave function falls off faster than any exponentials at spatial infinity, φ → ∞.
One important point to keep in mind is that the scheme does not make every S-matrix well-defined. The scheme is essentially a Hilbert space relabeling from momentum k to the index i. Since asymptotic states are assumed to form a complete set (asymptotic completeness), the choice of the set should not affect the behavior of S-matrices on the whole. This implies that there should always exist divergent S-matrices and the divergence is unavoidable even by the use of wave packets. What we try in this paper is not to make all the S-matrices well-defined; rather, we ask whether only well-defined Smatrices can be separated from the remaining divergent ones physically or not. And we ask whether the wave packet scheme is such a physical method to separate the well-defined S-matrix subspace, and whether the physical scheme justifies the formal schemes within the subspace.
For field theory calculation, one needs to specify a complete set for internal lines as well. Unlike external lines, we use plane wave complete set for simplicity. One could use the wave packet set as well, but the physical results will not depend on the choice of a complete set for internal lines. Despite the use of plane waves for internal lines, the amplitude will still converge if the plane wave couples with a wave packet. This is because the wave packet suppresses the overlap of wave functions (a precondition for scattering) in the strong coupling region.
The spacetime action of the toy model is [8, 9 ]
where dX = d 2 X. The effective action would need higher order terms such as T 4 , to ensure exact conformal invariance of the σ-model. But we regard the above action as a toy model and truncate the action at T 3 . For the linear dilaton background, the action becomes
after a field redefinition ϕ = e n·X T . So, the field redefined tacyon ϕ is massless as expected from 2D string vertex operator (See the next section.).
The vertex Feynman rule is pathological in momentum space; by a Fourier
which diverges since the three-point coupling diverges. Here,
Instead of expressing the integral in terms of a delta function formally, we use wave packets in coordinate space.
For exercise, let us evaluate a couple of simple amplitudes. The connected S-matrix from two wave packets to a plane wave is
Note that this amplitude is explicitly finite in spite of the use of a plane wave because of the assumed form of T i (X). Similarly, the four-point amplitude is given by
where ∆(X − Y ) is a plane wave propagator. This amplitude is finite too, since wave packets couple at each vertex.
It is straightforward to show the tree-level unitarity for the four-point amplitude. Using (7), (8), and the Fourier representation of ∆(X − Y ), we
and
therefore, the unitary relation
String Calculation
The formal S-matrix at tree-level has been calculated by a number of authors in the context of the Liouville theory [3, 10] . We first rederive the formal plane wave results in order to compare the formal results with the wave packet results.
The M-tachyon amplitude is given by the Polyakov path integral:
where S is given by (1) and V i is the tachyon vertex operator given by
The ghost path integral contribution is omitted since it is factorized from the above path integral. As usual, the mass shell condition follows from the requirement that the vertex operator be a (1,1) tensor:
The path integral calculation is very similar to the free bosonic one. First, expand X µ in eigenmodes of the laplacian, i.e.
where
where the sum over m ′ denotes a nonzero mode sum. We used that the zero mode, which satisfies ∇ 2 Y 0 = 0, is a constant, Y 0 = c; c is determined by eq (15).
The Green function on the sphere is defined in terms of these eigenmodes:
which satisfies
The solution in conformal gauge is
where f arises from the c 2 term in (17) and depends on the world-sheet metric.
We will also need the renormalized Green function G ′ r (σ, σ); define it as
where d(σ, σ ′ ) is the geodesic distance between the two points. Now, the amplitude (11) becomes
Note that the zero mode integral diverges. We represent the integral as a delta function with the complex argument for the time being. Then,
where √ gR and its primed one are the functions of σ and σ ′ respectively;
In conformal gauge, the remaining integrals yields the shifted Virasoro-Shapiro amplitude 1 2
up to a constant, where the Green functions (18) and (19) are used. µ(z i ) is the standard Faddeev-Popov determinant from SL(2,C) gauge fixing. Also, we have used "momentum conservation", i k i = i(M − χ)n, to drop the f -term in (18) and to obtain the second line of (22).
Let us now turn to the corresponding wave packet calculation. The path integrals can be carried out as before, by changing the wave function in the vertex operator e ik i ·X(σ i ) to T i (X):
The nonzero mode integrals are not altered since the integrals are well defined even for the plane wave case because of the Gaussian nature of the integrals.
Therefore, the amplitude becomes
with 
since the wave functions T i (x) fall off faster than the exponential. Similarly, one can show that for any analytic function f (x) which admits a Taylor expansion in x,
We can show the tree-level unitarity of the four-tachyon amplitude using (24) for the lowest pole (tachyon). From (24), the process from two wave packets to a tachyon plane wave gives the following transition amplitude:
Note that the amplitude is finite and the result agrees with the field theory result (7). Then,
For the four-point amplitude, it is more convenient to rewrite the amplitude by inserting a delta function for the comparison with (28):
Because |z| 2K 1 ·K 2 is analytic in (K 1 ·K 2 ), one can use (26) and obtain
The above amplitude contains the tachyon pole at k 2 − 3 + n 2 = −1;
which is proportional to (28). Finally, unitary relation determines the normalization of the vertex operator, g 0 , in terms of the various constants and the string coupling e −λχ [12] , and this completes the proof of unitarity for the lowest pole.
Revival of Divergence and Comment
Although three-, four-, and five-point amplitudes are finite in the wave packet scheme, this is not true for the amplitudes with more external legs.
This is easily seen in effective field theory. Figure 1 shows a six-point diagram which diverges. The diagram contains the W -vertex at which no wave packet couples; therefore, the vertex integral diverges like plane wave three-point amplitude.
However, needless to say, the problem is not caused because plane waves are used for the internal lines; any complete set should give the same answer (even the set of well localized wave packets). Rather, the problem is caused by the facts (1) that the S-matrix formalism obtains the amplitudes from Although the divergence is not easily seen in (24), the divergence should exist in string calculation as well, because low-energy Feynman diagrams are reproduced by taking limits of moduli space integrals in string amplitudes.
We finish with the following remark about another aspect of the wave packet scheme. As is well-known, the S-matrix formalism is the only formalism useful in string theory. However, the formalism is basically a global formalism, because the formalism gives amplitudes from t = −∞ to t = ∞ 
